The Coulombic quantum spin liquid in quantum spin ice is an exotic quantum phase of matter that emerges on the pyrochlore lattice and is currently actively searched for. Motivated by recent experiments on the Yb-based breathing pyrochlore material Ba3Yb2Zn5O11, we theoretically study the phase diagram and magnetic properties of the relevant spin model. The latter takes the form of a quantum spin ice Hamiltonian on a breathing pyrochlore lattice, and we analyze the stability of the quantum spin liquid phase in the absence of the inversion symmetry which the lattice breaks explicitly at lattice sites. Using a gauge mean-field approach, we show that the quantum spin liquid occupies a finite region in parameter space. Moreover, there exists a direct quantum phase transition between the quantum spin liquid phase and featureless paramagnets, even though none of theses phases break any symmetry. At nonzero temperature, we show that breathing pyrochlores provide a much broader finite temperature spin liquid regime than their regular counterparts. We discuss the implications of the results for current experiments and make predictions for future experiments on breathing pyrochlores.
The Coulombic quantum spin liquid in quantum spin ice is an exotic quantum phase of matter that emerges on the pyrochlore lattice and is currently actively searched for. Motivated by recent experiments on the Yb-based breathing pyrochlore material Ba3Yb2Zn5O11, we theoretically study the phase diagram and magnetic properties of the relevant spin model. The latter takes the form of a quantum spin ice Hamiltonian on a breathing pyrochlore lattice, and we analyze the stability of the quantum spin liquid phase in the absence of the inversion symmetry which the lattice breaks explicitly at lattice sites. Using a gauge mean-field approach, we show that the quantum spin liquid occupies a finite region in parameter space. Moreover, there exists a direct quantum phase transition between the quantum spin liquid phase and featureless paramagnets, even though none of theses phases break any symmetry. At nonzero temperature, we show that breathing pyrochlores provide a much broader finite temperature spin liquid regime than their regular counterparts. We discuss the implications of the results for current experiments and make predictions for future experiments on breathing pyrochlores.
I. INTRODUCTION
Frustrated magnetic materials provide a fertile arena to look for novel quantum phenomena. Frustration often leads to a large classical ground state degeneracy and quantum fluctuations are accordingly enhanced in quantum spin systems 1, 2 . When strong quantum fluctuations are taken to the extreme, they suppress any conventional magnetic order and may drive systems into a completely disordered quantum mechanical state, namely, a quantum spin liquid (QSL) 2, 3 . QSLs are exotic quantum phases of matter, with long-range quantum entanglement, and are characterized by emergent gauge fields and deconfined fractionalized excitations [2] [3] [4] . A three-dimensional U (1) QSL with an emergent U (1) gauge field and deconfined bosonic spinons has been proposed for rare-earth pyrochlore materials [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . In the context of rare-earth pyrochlores, Hamiltonians susceptible of hosting such QSLs are often referred to as "quantum spin ice" (QSI) [6] [7] [8] [9] 11, 12 , and their QSL is called QSI QSL or Coulombic QSL. Despite intense theoretical and experimental efforts, no definitive experimental evidence of such a QSL in QSI has been identified yet. This is partly because the underlying spin moment comes from 4f electrons whose exchange energy scale is usually very small. Thus, very challenging low temperature experiments are required to observe the intrinsic quantum properties of these materials, such as spinon deconfinement and the emergent gapless gauge photon. This raises an important question: Can we find an alternative physical system that realizes the QSI QSL ground state at a higher energy scale? A proposal has suggested to replace the spin degrees of freedom by charge degrees of freedom. The resulting cluster Mott insulator on the pyrochlore lattice can realize QSI physics in the charge sector at a much higher temperature scale 20 . Recently, a new material, Ba 3 Yb 2 Zn 5 O 11 , where the Yb atoms form a breathing pyrochlore lattice (see Fig. 1a ), was synthesized. In contrast to the regular pyrochlore lattice, the breathing pyrochlore lattice has its up-pointing and down-pointing tetrahedra expanded and contracted, respectively, and thus breaks the lattice inversion symmetry at each lattice site [21] [22] [23] [24] [25] [26] [27] [28] . Despite the a priori dominant antiferromagnetic interactions with a Curie-Weiss temperature Θ CW = −6.7K, the Yb local moments in Ba 3 Yb 2 Zn 5 O 11 remain disordered down to 0.38K 29 . Motivated by the latter experiments, in this paper we propose that breathing pyrochlore materials are a new place to search for QSI physics, and in particular its QSL. Moreover, we argue that, due to the unique structure of breathing pyrochlores, the transition or crossover temperature from QSI to the higher-temperature thermal spin liquid phase occurs in breathing pyrochlores at a much higher temperature than in their 'regular' counterparts.
The breathing pyrochlore lattice harbors the same symmetries as the regular pyrochlore lattice except that it lacks the inversion symmetry centered at lattice sites. The spin model that we propose takes care of the absence of inversion symmetry by allowing different exchange couplings on the up and down tetrahedra. Near the symmetric limit, the system and the model are understood from the known results on the regular pyrochlores. There exists a QSI U(1) QSL phase in this limit. To understand the robustness of the QSL phase, we extend the gauge mean-field approach to access the parameter regime for the breathing pyrochlore system. As one observes in Fig. 1b , the QSL phase covers a large parameter regime. In addition, two paramagnetic (PM) phases are present in the asymmetric regime. These PM states are well understood in the strong asymmetric regime where the system breaks into decoupled tetrahedra. Since the ground state of the decoupled tetrahedron for our spin model is a singlet state, the PM in the asymmetric regime is smoothly connected to the simple product state of these decoupled tetrahedral singlets.
In the QSI U (1) QSL phase, there are gapless gauge photon modes and deconfined and fractionalized spinon excitations. These exotic excitations are absent in the PM phases. In the gauge mean-field theory framework, the quantum phase transition from the QSL phase to the nearby PM phases is understood as the condensation of the spinons. The gauge photon picks up a mass due to the spinon condensation. This is essentially the AndersonHiggs' phenomenon, but it occurs in a system where the gauge field is emergent.
We further explore the finite temperature properties of the QSL phase. Both the perturbative argument and the gauge mean-field theory show that the onset temperature of the finite temperature QSL regime can be much higher than the regular pyrochlore system. This is because the asymmetric exchange couplings on the breathing pyrochlores allow the spins to fluctuate more effectively and thus enhance the energy scale of the collective spin fluctuations. The gauge mean-field theory is used to obtain the finite temperature phase diagram of the spin model. The persistence of the QSL physics to the high temperature regime gives a large room for the experimental confirmation.
The remaining parts of the paper are organized as follows. In Sec. II, we propose a minimal spin model for the breathing pyrochlore systems. In Sec. III, we implement the gauge mean-field mapping and obtain the full phase diagram of the spin model. We explain all the four phases and elucidate the nature of the phase transitions between them. In Sec. IV, we extend the gauge mean-field theory to finite temperatures and explore the properties of the system in the finite temperature regime. Finally, in Sec. V, we discuss the experimental consequences of the different phases. In the appendices, we provide the details of the derivation and the theoretical framework.
II. MINIMAL MODEL FOR BREATHING PYROCHLORES
In Ba 3 Yb 2 Zn 5 O 11 , the 4f electrons of a Yb 3+ ion form a J = 7/2 local moment due to the strong spin-orbit coupling of 4f electrons. The crystalline electric fields further split the eight-fold degeneracy of the J = 7/2 manifold and lead to an on-site ground state with twofold Kramers degeneracy. This local ground state doublet is separated from the excited doublets by a large crystal field energy gap of ≈ 500K
29 . Since the Curie-Weiss temperature Θ CW = −6.7K is much smaller than the crystal field energy gap, one then introduces a pseudospin-1/2 operator, τ , that operates within the local ground state doublet, to describe the low temperature magnetic properties of Ba 3 Yb 2 Zn 5 O 11 . Moreover, the strong crystal fields and spin-orbit coupling lead to a very large on-site anisotropy, which naturally singles out the local threefold axis of the D 3d point group, which corresponds to a 111 crystallographic direction. Like the regular pyrochlore lattice, the local 111 direction at a site is the direction that points into or out of the centers of the neighboring tetrahedra. We define the z components of the pseudospins to be along their local 111 axis (see Appendix. A).
We consider a minimal model for the pseudospins τ = 1/2 with Hamiltonian
where
The hallmark of breathing pyrochlore systems is the absence of inversion symmetry centered at lattice sites, and the parameter κ captures this property. More precisely, it parametrizes the asymmetry of the spin interactions between the up-pointing (labelled by 'u') and down-pointing (labelled by 'd') tetrahedra of the breathing pyrochlore lattice. On a regular pyrochlore lattice, due to the presence of inversion symmetry, one has κ = 1. In breathing pyrochlore systems, the asymmetry parameter κ should generically deviate from 1.
Even though the Hamiltonian H is not the most general spin model obtained from a full space group symmetry analysis of the breathing pyrochlore lattice 7, 8 , the Hamiltonian H is sufficient for the purpose of understanding the stability of the QSI QSL phase against the breathing distortion, as well as some additional features of breathing pyrochlore systems. Due to the strong spinorbit coupling of the Yb 4f electrons, the interactions between local moments should be both bond dependent and anisotropic in (effective) spin space 30, 31 , which thus introduces additional complications. Its study will be discussed in future work.
The Hamiltonian H has been studied both theoretically and numerically on the regular pyrochlore lattice, where κ = 1 5, 8, 32, 33 . There, in the Ising limit with J ± = 0, the system favors the extensively-degenerate "2-in 2-out" spin ice ground state manifold. A small and finite transverse coupling J ± generates a six-spin ring exchange around the hexagonal plaquettes of the pyrochlore lattice and allows the system to fluctuate quantum mechanically within the ice manifold 5, 8, 9, 11, 12, 15, 34 . By mapping the effective ring exchange Hamiltonian in the perturbative regime (J zz |J ± |) onto a lattice gauge theory that operates within the spin ice manifold, it was argued that the system exhibits a U (1) QSL phase, i.e. the QSI QSL state 5 . This theoretical result was later confirmed numerically by quantum Monte Carlo calculations in the regime with J ± > 0 32, 33, 35, 36 . In the breathing pyrochlore lattice, the perturbative argument in the limit J zz |J ± | remains valid at least when the parameter κ does not strongly deviate from 1 (see Appendix. B). Moreover, in general, the QSI QSL state is a robust quantum phase of matter and is stable against any small local perturbation 5 . Both arguments confirm that the QSL state of QSI should be the ground state of the minimal model H at least in the regime with J zz |J ± | and κ ≈ 1.
III. GROUND STATE PHASE DIAGRAM
To investigate the stability of the QSI QSL state further and to obtain its proximate phases on the breathing pyrochlore lattice, we apply the recently developed non-perturbative slave-particle construction 8, 9 . For this purpose, we first enlarge the physical Hilbert space to make the spinon and U (1) gauge field variables explicit, and we express the effective spin operators as
where r belongs to the u sublattice of the diamond lattice that is formed by the centers of the up-pointing tetrahedra in the breathing pyrochlore lattice (see Fig. 1 ), where the vectors e µ (with µ = 1, 2, 3, 4) connect r with the centers of the neighboring tetrahedra, and i is the breathing pyrochlore lattice site that is shared by the two tetrahedra that are centered at the positions r and r + e µ . Φ † r (Φ r ) is the (bosonic) spinon creation (annihilation) operator at site r, and s z rr , s ± rr are "spin"-1/2 operators that act as U (1) gauge fields. To preserve the physical spin Hilbert space, we further impose the constraint
where η r = ±1 for r ∈ u/d sublattice. The operator Q r counts the number of spinons and satisfies [φ r , Q r ] = iδ rr , where φ r is a 2π periodic angular variable defined as Φ r ≡ e −iφr , with Φ † r Φ r = 1, by construction. In terms of these slave particle operators, the Hamiltonian H is rewritten as
The above Hamiltonian describes the bosonic spinons (Φ r ) hopping on the dual diamond lattice in the background of a fluctuating U (1) gauge field (s
. We apply gauge mean field theory (gMFT) 8, 9, 37 to analyze the phase diagram of H. To proceed, we first note that the (low-energy) ring exchange Hamiltonian that operates within the spin ice manifold favors a zero gauge flux for J ± > 0 (see Appendix. B). Therefore, we choose a mean-field ansatz where the spinons experience a zero gauge flux through each hexagon of the pyrochlore lattice. We decouple Eq. (5) into the spinon and gauge field sectors, and select a gauge such that the spinon hopping is uniform. With this gauge choice, the gMFT connects to and reproduces the results of the J ± J zz , |κ−1| 1 limit where the solution is known from perturbation theory and numerical calculations 5, 8, 9, 11, 12, 15, [32] [33] [34] [35] [36] . The gMFT phase diagram is depicted in Fig. 1b . The QSL covers a wide range of κ in parameter space. When the spinons on the u and d sublattices of the diamond lattice are both gapped (and thus do not condense), the system is in the QSI QSL phase (see Table I ) and the low energy properties, such as algebraic correlations, are controlled by the gapless U (1) gauge photon.
We treat the QSI QSL as the parent state and analyze the proximate phases obtained via an Anderson-Higgs transition. We first consider leaving the QSL by condensing one spinon flavor (i.e. condensing the spinons on one diamond sublattice) while keeping the other spinon flavor uncondensed. This is certainly reasonable due to the absence of on-site inversion symmetry in the breathing pyrochlore lattice. For concreteness, we condense the spinons on the down sublattice with Φ r = 0 for r ∈ d sublattice. As a consequence, the U (1) gauge field picks up a mass through the usual Anderson-Higgs mechanism. What is surprising is that the resulting state is not magnetically ordered. This is because the spinons on the u 
This paramagnetic state preserves time reversal symmetry and all the lattice symmetries of the breathing pyrochlore lattice. We thus dub this paramagnetic (PM) state PM u in Fig. 1b and Table I .
To understand the nature of the PM u/d phases better, especially outside of gMFT, we consider the limiting case κ → 0. In this special limit, the breathing pyrochlore system reduces to a set of decoupled up-pointing tetrahedra, i.e. set of four spins. Since a tetrahedron contains a finite number of spins (it is a finite system), its ground state must preserve all the symmetries of the system. For each up-pointing tetrahedron, the local magnetization i∈u τ z i commutes with the Hamiltonian and is therefore a good quantum number, and the ground state is unique with i∈u τ z i = 0. Since the tetrahedra are decoupled, the many-body ground state is simply a product state of the single-up-tetrahedron ground states. Hence, the system is an obvious paramagnetic state, preserving all symmetries. A finite and small κ introduces interup-tetrahedral couplings but does not significantly alter the ground state. Moreover, due to the weak τ z coupling on the down-pointing tetrahedra, the local magnetization ( i∈d τ z i ) on each down-pointing tetrahedron is strongly fluctuating quantum mechanically and thus is not a good quantum number. These features are exactly reproduced by the gMFT description of the PM u : the spinon condensate on the down tetrahedra corresponds to an ill-defined spinon number Q r∈d = i∈d τ z i , and the single-tetrahedron ground state with its (small) 'cat' state on the up tetrahedra preserves all symmetries and corresponds to Φ r∈u = 0. Therefore, the gMFT approach provides a good description of the κ → 0 limit, like it did for the QSI QSL phase.
The state obtained by instead condensing the spinons on the down sublattice, is naturally labelled PM d . Like the relation between the PM u and the κ → 0 limit, the PM d is smoothly connected to the paramagnetic state in the limit κ → ∞, and the gMFT also provides a good description of this limit. As the PM u and the PM d have neither gapless emergent gauge photon nor spontaneous continuous symmetry breaking, the system is fully gapped in these two phases. The quantum phase transition from the gapless QSI QSL to the gapped PM u or PM d is described by the condensation of one critical bosonic spinon mode coupled to a fluctuating U (1) gauge field. This quantum phase transition is not present for the regular pyrochlores and is a new feature of the breathing pyrochlores.
A condensate of both spinon flavors is obtained for example by increasing J ± /J zz and keeping a moderate κ. The resulting state breaks time reversal symmetry and develops magnetic order via
In terms of the original physical magnetic moments, this ordered state is an AFM state and the magnetic unit cell is identical to that of the crystal. Moreover, the direct treatment of the limiting case with a dominant J ± /J zz and a moderate κ also leads to a transverse spin ordering, which is again consistent with the results from the gMFT approach.
IV. NONZERO TEMPERATURE SPIN LIQUID REGIME OF QSI
Now we turn to the nonzero temperature behavior of the system. Strictly speaking, the QSI QSL is truly a quantum phase and cannot exist at non-zero temperatures. This is because the topological defects (or magnetic monopole excitations) of the emergent U (1) gauge field 5 in the QSI QSL state are point-like particles and have a finite energy 37 . These topological excitations can always be created with a finite concentration at a non-zero temperature so that the infinitesimal temperature phase above the QSL can be smoothly connected to the high-temperature phase 37 . The above general argument does not however preclude the existence of a non-generic first-order transition, which indeed is found in nonzero temperature gMFT between the low temperature regime akin to the QSL, and a classical regime where the entropy is released and the spinons lose coherence: the thermal spin liquid (TSL) regime. This TSL regime is the one found in classical spin ices [38] [39] [40] . Regardless of whether a crossover or a first order transition occurs between the low temperature spin liquid regime and a thermal spin ice regime, the temperature scale of either is set by the strength of the ring exchange 5,37 , J ring = 6(κ
The minimum of (κ 3 + κ −2 ), and hence that of J ring , occurs at κ ≈ 0.92 (see Appendix. B). We therefore expect that, at any given value of J ± /J zz , the crossover/transition temperature is usually enhanced for the breathing pyrochlore lattice as compared to that in its regular counterpart. This suggests that the QSL physics can be observed at higher temperatures in breathing pyrochlore systems.
To explicitly confirm the above observation, we carry out a nonzero temperature gMFT calculation for the minimal model Eq. (1). The calculation is carried out variationally, and the details are given in Appendix. D. The gMFT finds a direct first-order transition, with the transition temperature shown on the surface plotted on Fig. 2 . Just as we expect, the transition temperature is significantly enhanced as κ deviates from 1. This transition can be regarded as a "thermal confinement" transition as discussed in early literature 35, 37, 41 . Like many other mean field treatments, the gMFT neglects the gauge field fluctuations and thus overestimates the transition temperature. This can be seen for example through the analytical gMFT expression (see Appendix. D) obtained in the limit of very low temperature, κ ≈ 1 and small J ± /J zz :
(to be compared, in that limit, with the J ring scale of perturbation theory). Nevertheless, the gMFT does qualitatively capture the thermal activation of the gapped spinon excitations which effectively reduces the magnetic stiffness and thus destabilizes the QSL.
V. DISCUSSION
Since the featureless PM phases (PM u or PM d ) are also connected to the high-temperature paramagnet and do not have any ordering, one may then wonder how to distinguish the QSI QSL state and the featureless PM phases of Fig. 1b in experiment. QSL has a linearlydispersing gauge photon mode that gives rise to a lowtemperature heat capacity C v ∼ T 3 whose prefactor can be quite large in 4f electron systems 8, 10, 11 . Inelastic neutron scattering and/or NMR spin lattice relaxation time measurements are direct probes of the gapless gauge photon. In contrast, since the PM u,d is fully gapped, the heat capacity should have an activated temperature dependence.
Thermodynamic measurements on the breathing pyrochlore material Ba 3 Yb 2 Zn 5 O 11 have not found any indication of ordering down to 0.38K 29 . The magnetic entropy density extracted from the heat capacity data above 0.38K is close to 0.75R ln(2) per site, and the missing entropy (0.25R ln(2) per site) was interpreted in terms of an AFM Heisenberg model, effectively acting only within the smaller tetrahedra at the accessible temperatures 29 : this model of decoupled tetrahedra has a two-fold (the two singlet states of four coupled S = 1/2) degeneracy per small tetrahedron, giving, per site, an entropy of 0.25R ln (2) . In this picture, the exchange coupling on the large tetrahedra then operates perturbatively on the singlet manifold and lifts the degeneracy only at a much lower energy scale. (The Heisenberg model for arbitrary small to large exchange was also recently studied classically in detail in Ref. 42 .) Here we provide an alternative explanation for the experimental value of the low-temperature magnetic entropy density.
First, we argue that, due to strong spin-orbit coupling, the J = 7/2 local moment of the Yb 3+ ion is an entangled state of the L = 3 orbital angular momentum and S = 1/2 spin moment, and an isotropic model, such as the Heisenberg model, is therefore unlikely 30, 31, 43 . This is especially true considering that the main contribution to the local doublet comes from the orbital degree of freedom 7 , which naturally singles out the local z directions. This non-Heisenberg exchange, and more specifically its D 3d anisotropy, points to the Pauling entropy of thermal spin ice in the temperature regime J ring < ∼ T < ∼ min(1, κ)J zz 37 . Indeed, current experiments cannot rule out this possibility as Pauling's entropy (0.5R ln(3/2) ≈ 0.20R per site) is very close to the reported 0.25R ln(2) ≈ 0.17R per site, with these two values likely being within error bars of one another.
At this point, neutron scattering experiments are crucially needed to check whether the system might be in the ice manifold and whether quantum spin ice QSL physics appears below 0.38K. It will also be interesting to look for QSL physics in other breathing pyrochlore systems with other rare earth elements 44 . Indeed, in general, based on our theoretical results, breathing pyrochlores appear as a promising playground for the discovery of quantum spin ice physics and novel quantum phase transitions, and certainly warrant further investigation.
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where the lattice constant is set to be unity. We define the reference points of the four sublattices as
where c = 1/4 for the regular pyrochlore lattice and c = 1/4 for the breathing pyrochlore lattice. The local coordinate system at each sublattice is then defined in Table II .
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TABLE II. The local coordinate systems for the four sublattices of the breathing pyrochlore lattice.
Appendix B: Ring exchange
In the perturbative regime or in the Ising limit, one can treat the J ± and κJ ± terms as a perturbation. We thus write the Hamiltonian H as
where H Ising and H are the unperturbed part and the perturbation part, respectively. We have 
The Ising exchange H Ising favors a highly degenerate spin ice ground state. The perturbation H acts on the ice manifold. Treating H in the 3rd order degenerate perturbation theory, we obtain a ring exchange effective Hamiltonian 5 ,
where 1,2,3,4,5,6 label the 6 pseudospins on the perimeter of an elementary hexagon on the breathing pyrochlore lattice and
We map the effective Hamiltonian H eff to a U (1) lattice gauge theory by expressing τ z i = E rr , τ ± i = e ±iA rr , where r (r ) belongs to the u (d) sublattice of the diamond lattice formed by the centers of the tetrahedra and i is the pyrochlore lattice site shared by the two neighbor tetrahedra at r and r (see Fig. 1a ). E and A are the lattice electric field and the vector gauge potential defined on the diamond lattice and E rr = −E r r , A rr = −A r r 5 . In terms of the gauge field operators, the low energy ring exchange is recast as the following U (1) gauge theory on the diamond lattice,
where refers to the elementary hexagons on the diamond lattice and the magnetic stiffness K = 2J ring is plotted in Fig. 3 as a function of κ.
Going to Fourier space and Matsubara frequency, and setting t µν u,d = t u,d we obtain the Green's function for the trial spinon Hamiltonian:
and from which we may extract the spinon dispersion relations:
0 ] simply yields:
and the equal-time version is obtained by summing over all Ω n = 2πn/β (β = 1/(k B T ) where T is the temperature and k B Boltzmann constant), n ∈ Z:
Finally, if we choose
where 0 ≤ s ≤ 1/2 and "represents" | s |, we need to minimize
while imposing the two rotor constraints (on average) simultaneously:
. (D20)
The deconfined and condensed phases are distinguished in particular by the existence of an important subextensive part to λ η , which we write:
There, δ η = O(1), δ η ≥ 0 and independent of temperature, and 
Special values
The phase diagram is obtained by minimizing Eq. (D18) subjected to the constraints Eqs. (D21,D22), and following Table I . In general, the solution must be found numerically. However, in some limits, thanks to some special values of s, it is possible to obtain analytical results for the transition temperature. This is what is investigated below. 
For small enough temperature and small enough T /κ (numerically, the transition is indeed found to happen at small T ) we find
and therefore:
= −2k B T 2 ln 2 + ln 1 1 − e −βJzz + ln
for T and T /κ small enough. Note that we recover the κ = 1 result at κ = 1. s = 1/2 -Zero temperature limit When s = 1/2, which corresponds to zero temperature (but, numerically, at small temperature, and below the transition, s deviates only very slightly from 1/2) and for small enough temperature (i.e. in particular if λ η (T ) ≈ λ η (T = 0)), 
